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Abst rac t - - In  this paper, we study the asymptotic behaviour of the solutions for the Benjamin- 
Bona-Mahony equation. We first present he existence of the global weak attractor in H2er for this 
equation. And then by an energy equation we show that the global weak attractor is actually the 
global strong attractor in Hp2er. 
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In this note, we consider the following Benjamin-Bona-Mahony equation: 
ut - uxxt - MUxx + ( f (u))x = g(x), (x,t) E ~ × R +, (1) 
with the initial condition 
u(x ,0 )  = u0(x),  x e (2) 
and the periodic boundary condition 
= (0, L) and u is ~-periodic, (3) 
where ~ is a positive constant, f : R --~ R is a C ~ function and g(x) c L~per(~) with zero mean 
on ~. This equation, which incorporates nonlinear dispersive and dissipative ffects, has been 
proposed as a model for the propagation of long waves. In the case of f (u)  = u + (1/2)u 2, 
equation (1) has been investigated by many authors such as Benjamin, Bona and Mahony [1]; 
Bona and Dougalis [2]; Albert [3], and the references therein. 
Our aim of this paper is to derive the existence of a finite dimensional global attractor for 
the system (1)-(3') in Hp2er(fl). Since the dynamical system S(t) defined by equation (1) is not 
compact in Hp2er(f~) we cannot construct he global attractor by the usual method introduced by 
Temam [4]. Here we first apply the techniques developed by Ghidaglia [5] to show the existence 
of global weak attractor for equation (1), and then by energy estimates we prove that the weak 
attractor is actually the strong attractor in Hp2er(~). 
By the Galerkin method, we can easily deduce the following existence results (see [6[). 
THEOREM 1. Assume that u0 e Hpk~(fl),k = 1,2. Then problem (1)-(3) possesses a unique 
solution u(t) defined on R + such that 
u(t) ,.~ LOO(O,T;Hkper(~)) , Ouo__~ E L°°(O,T;Hkper(~)) , VT>0.  
Moreover, the mapping Uo --* u(t) is continuous in Hpker(Ft) for every t > 0. 
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This theorem shows that system (1)-(3) generates a continuous emigroup S(t) : Hpker(f~) - ,  
H~,r(a ), k = 1, 2. 
PROPOSITION 1. The dynamical system S(t) : Hp2er(~) --, H2er(~) is weakly continuous. 
PROOF. The proof of this proposition is quite similar to that of [5, Proposition 2.1], and hence, 
omitted here. 
In the sequel, we denote by H = Lp2~r(f~) endowed with its usual inner product (., .) and norm 
[[. [[. Vu E H, denote by 
O(u) = ~ ~ u(x)dx. (4) 
Then integrating (1) over ~2 and applying (3), we find that the average of u(t) is conserved, i.e., 
for all t > 0 
O(u(t)) = -~1 u(x, t) dx = -~ uo(x) dx = O(uo). (5) 
This shows that problem (1)-(3) has not bounded absorbing sets in the whole space H. This 
difficulty is overcome by introducing 
g.  = {u e H :  10(~)l < ~}. 
Equality (5) implies that H ,  is invariant under the semigroup S(t) associated to system (1)-(3). 
We first show the following lemma. 
LEMMA 1. Assume that (4) holds, Uo E Hler(£t) (']H~ and IIUo[IH1 < R. Then we have 
Ilu(t)llH, <_ El ,  vt  > tl, 
where E1 is a constant depending only on the data (u, g, ~, a ), t l depends on the data ( u, g, f~, a) 
and R. 
PROOF. Vu E H, we agree that 
fi = u - O(u). (6) 
And then we see 
~,(t) = ~,(t) + o(~,(t) = ~(t) + o (~,o). (7) 
Substitute (7) into (1) we find 
ut - ~zzxt - vuxx -4- (f(u) )z = g(x). 
Taking the inner product in H of (8) with fi, we infer that 
Let 
ld  ld  fn  2d-711~112 + ~/II~xll~ + ~11~112 + (Y(u)L.fidx = (g,f~). 
/o F(s) = f(T) d'c. 
Then 
2( f (u ) )~ ' f zdx=-  faf (u)Cz~dx=- f f(u)uxdx 
]a( F(u) )x dx = -F(u( L ) ) + F(u(O) ) = O. 
We recall the Poincard inequality 
(8) 
(9) 
(10) 
[[vll <- C1[Ivzl[, if f v(x)dx=O. (11) 
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it follows from (11),(12) that 
II~(t)ll _< c ,  I la~(t)l l , v t  > o. 
Thus, 
I(g,u)l < Ilgll I1~11 < C~llgll Ila~ll < 1,  - 4 I1~11~ + c2. 
By (9), (10), and (14) we have 
Now 
ddt ( 11~112 + Ila~ll~) + 3~ Ile~l12 <- 2C2. 
3~,11~112 = ½~, Ilaxll 2 + ~,11~11 ~ > !. - 2 Ile~l12 + "C~-~ Ilell~ -> ca (11~11 ~ + I1~11~), 
where C3 = min{(1/2)v, C{2}, so by (15) and (16), 
~-d, ( I'~'I~ + I,~,,9 + ~ (,I~,, ~ + I,~,19 -< ~, 
By Gronwall's Lemma, we get 
Vt>O. 
2C2 I la(t)]l 2 + I]~,x(t)l[ 2 -< (]lv,(o)]] 2 + H'hx(o)ll 2) e -cat  4- 
< (1+C 2) - 2 -c~t 2C2 
_ Ilu~(O)ll e + -~3 by (13) 
2c2 = (1 + C12) Ilux(O)ll~e -c3t  + ~ by (6) 
2C2 Vt > 0 _< (1 +C~)R2e -c3t + C----3' 
4c2 
-< C3' Vt_> t., 
where t. = (1/C3)ln(C3(1 + C~)R2/2C2). 
Finally, since 
It follows that 
Ilu(t)ll 2 = Ilu(t)ll 2 + IIO(u)ll 2 = Ilu(t)ll 2 + le(u)l~l~l 
< II~(t)lt ~ + ,~21r~l by (5) and Uo • H,~. 
4C2 Ilu(t)ll~-, = Ilu(t)ll 2 + Ilux(t)ll 2 < ]l~(t)ll 2 + ]J~x(t)ll 2 + ~21~ I _< ~ + ~21r~l, 
which concludes Lemma 1. 
By Agmon's inequality 
_ 1 HU[[oo < Cl[[U[[(1/2)[[UlI~I/12), VU e Hper(~'~), 
we deduce from Lemma 1 that 
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(12) 
(13) 
(14) 
(15) 
(16) 
(17) 
(18) 
(19) 
Ilu(t)lto~ _< c,  v t  > t. .  (20) 
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LEMMA 2. Assume that (4) holds, uo E H2per(gt) NH,~ and []u011H2 <_ R. Then we have 
Ilu(t)lim < E2, Vt > t2, 
where E2 depends on the data (v, f, g, f2, a), t2 depends on the data (u, f, g, f~, a) and R. 
PROOF. Taking the inner product of (1) with u~= in H, we find that 
+ + fo dt 
Note that 
2 fl'(u)uxUxz < 2 II/'(u)ll~ Ilu~ll Ilu~xll <- Ca Ilu~ll <-- ~ '  Ilu~ll + 2--~ 
2 
I-2 (g,u~)l < 2llgll Ilu~A <_ ½~, ilu~ll2 +-Ilgll 2 .~,  
By (21)-(23), we find that 
d( ) 
and then 
dt - - 
After slightly modifying the proof of (24), we can also deduce that VT > 0 
dt 
V0<t<T.  
where C4 depends on the data, T and R when JlU0i]H2 <__ R. 
By Gronwall's Lemma and (25) we infer that 
ii~(t)ll 2 + ii~(t)l12 ~ (llu~(O)il 2 + ilu~(O)ll2) e_~, + c~ 
<_ R2e_Vt + C4 < Cs, V0 < t < T, 
V 
T>0.  
Again applying Gronwall's Lemma to (24), we find that 
II~xll 2 + II~xll 2 < (11~ (t.)ll 2 + I1~ (t.)ll 2) e -~(t-t') + c~ 
// 
<_ Cse -~(t-t') + ~ Vt > t. 
12 
2C3 < , vt  >_ t',, 
V 
Vt >t . .  
(21) 
(22) 
(23) 
(24) 
(25) 
(26) 
(27) 
where E2 is the constant in Lemma 2. Then by Lemma 2 we have Theorem 2. 
THEOREM 2. The ball B is a bounded absorbing set for the dynamical system S(t) in Hp2er(f~), 
that is, for every bounded set X in H2er(~), there exists a time T = T(X)  such that S( t )X  C B, 
V t>T.  
B = {u E Hp%~(n): Ilullm ~ E2}, 
where t~. = max{t., t. + (l/u) ln(uCs(R)/C3)}. Equation (27) and Lemma 1 conclude Lemma 2. 
In the sequel, we denote by 
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Let A = ~s>0 Ut>s S(t)B, where the closure is taken with respect o the H2-weak topology. 
Then by Proposition 1 we have Theorem 3. 
THEOREM 3. The set -4 is the global weak attractor orS(t) in Hp2er(f~), that is 
(i) -4 is bounded and weakly dosed in Hp2er(~), 
(ii) S(t).4 = .4, V t E R, 
(iii) for every bounded set X in H2per(ft), S ( t )Z  --~ .4 in H~r(f~ ) weakly, that is 
d~(S(t)X,.4) = sup inf d~(S(t)x,y) --* 0, as t --~ oo. 
x6X yEA 
Since the weak topology of Hp2er(~2) is metrizable on bounded sets, we here denote by d ~ the 
associated istance. 
For the proof of Theorem 3, we refer readers to [5]. The attractive property (iii) in Theorem 3 
holds in the sense of weak topology in Hp2er(~t), and therefore, the set .4 is known as the global 
weak attractor. In the following, we apply the techniques of Ball [7] to show that A is actually 
the global strong attractor in Hp2er(~). 
THEOREM 4. Tile global weak attractor .4 constructed in Theorem 3 is actually the global strong 
attractor in H~ (f~). 
PROOF. A point w belongs to the attractor .4 if and only if there exist two sequences {w ° }kCN C B 
and {tk}keN, tk --~ +C% such that S(tk)w~ converges to w weakly in Hp2er(gt). This theorem 
will be proved if we are able to show that (some subsequence of) the sequence S(tk)w ° converges 
to w strongly in Hp~r(f~). 
Fix T > 0. Since the sequence S(tk - T)w ° is bounded in Hp2er(Ft), there exist v E Hp2er(ft) 
and a subsequence, which is still denoted by S(tk - T)w °, such that 
S (tk - T) w~ --* v in g2er(~'~) weakly. (28) 
Set wk(t) = S(t)S(tk -- T)w ° = S(tk + t -- T)w °. By (28) and Proposition 1, we see that 
wk(t) --* S(t)v in Hp2er(f~) weakly, and w = S(T)v. Because any solution of (1)-(3) satisfies (21), 
we find that 
o ~ b_~x2 ~k(t )  
~wk(t) + 05 2 
=e -2"t (]l(S(tk--T)w°)x]12+ll(S(tk--T)W°)xz]I2)+ e~U(r-t)K (S(tk +T -- T) w °) dT, 
(29) 
where 
g(~)  = 2. [fu~ll 2 + 2 ( f ' (u )~x ,uxx)  - 2 (g,~x). 
It is obvious that K(u) is weakly continuous in Hp2er(~). Taking t = T in (29), by the Lebesgue 
dominated convergence theorem we deduce that 
~0 T limsup(ll(s(tk)w~Ll[2+ll(s(tk)w°)xx[[ 2) ~Ce -2"T ÷ &(T-T)K(S(w)v) dw. (30) 
k--*(x) 
The above is obtained by the boundedness of S(tk -T )w ° in Hp2er(f~). Due to w --- S(T)v, similar 
to (29) we have 
jr0 T IIw~ll 2 + IIw:~ll = = e -2~T (llv~ll 2 ÷ IIv:~ll 0 ÷ e2~(~-m)g(SO')v) dw. (31) 
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By (30) and (31), we get 
lim$~p (ll(s(tk)~°),ll~ + II(s (t~)~°). , l l  ~) _< oe-2~T + i1,~112 + i1~,,11 ~ . 
k--*oo 
Let T --* oo, we find that 
ill,sup (l l(s (t~)~0),11 ~ + Ii(s (t~)~o)~,ll ~) < ll~,ll ~ + i1~,,11 ~ . (32) 
Since S( tk )w ° --* w in Hp2er(fl) weakly, by the Sobolev imbedding theorem we know 
S( tk )w ° ~ w in H strongly, up to a subsequence. And then by (32), we see that 
0 2 limsup IIs (tk)~kll~, < Ilwll~,. 
k--*oo 
On the other hand, by the weak convergence of S( tk )w ° to w, we have 
0 2 liminf~_~oo [IS(tk)wk[l_u2 >--- I[w[122. 
that 
And thus, 
k---*oo 
This along with the weak convergence implies the strong convergence. The proof is complete. 
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